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Abstract
We used the hydrodynamic model to describe the dielectric response of a multi-walled carbon nanotube to a fast
point charge moving paraxially, either inside or outside the nanotube. Calculations are performed for a two-walled
nanotube, giving rise to a splitting of the plasmon frequencies due to the interaction between the electron ﬂuids on
the two cylinders. The dependences of the projectile stopping power and the self-energy (image potential) on the velocity and the distance from the nanotube axis show interesting features when the projectile velocity matches the phase
velocity of the plasmon mode with a quasi-linear dispersion.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction
The dielectric response properties of carbon
nanotubes have been studied extensively in the
past several years, both experimentally [1] and theoretically [2–9]. These properties play important
role in, e.g. the electron energy loss spectroscopy
*
Corresponding author. Tel.: +1 519 888 4567; fax: +1 519
746 4319.
E-mail address: zmiskovi@math.uwaterloo.ca (Z.L.
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(EELS) [6,7], and the screening of charged impurities in carbon nanotubes [8]. In addition, there
are several, very interesting, recent studies of
the charge–particle interactions with nanotubes,
namely, the transport of ion or electron beams
through the nanotubes [10–14], and the formation
of toroidal electron image states around nanotubes
[15,16], which would beneﬁt from a detailed theoretical account of the nanotube dielectric response.
On the theoretical side, Arista and coworkers
have used the dielectric response formalism in
the cylindrical geometry to study the channeling
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of fast ions through nanocapillaries in solids
[17,18] and the plasmon excitations in cylindrical
nanowires by external charged particles [19]. A
similar approach has been used recently to evaluate the stopping power and the self-energy (or
the image potential) of fast ions moving inside
the cylindrical tubules [20], based on the dielectric
function in random-phase approximation (RPA)
[2]. However, for the dynamical interactions
involving plasmon excitations in many-electron
systems, one of the most convenient formulations
of the dielectric properties in restricted geometries
is based on the hydrodynamic model [4–6,21,22].
The simplest version of this model, applicable to
carbon nanotubes, assumes that the electrons form
a two-dimensional (2D) charged ﬂuid conﬁned to
the cylindrical surface of a nanotube wall. Such a
model has been used to calculate the plasmon
spectra in multi-walled nanotubes (MWNT) [4],
and to evaluate the energy losses of charged particles moving perpendicularly to a single-walled
nanotube (SWNT) [6], as well as the self-energy
and the stopping power of particles moving paraxially inside a SWNT [21]. In particular, it was
shown in [21] that the results from the 2D hydrodynamic model agree very well with those obtained from the dielectric-response formalism in
RPA [2,20] for fast ions or electrons moving
paraxially through a SWNT.
It is well known that layered materials, such
as superlattices or layered ﬁlms, exhibit very
rich spectra of collective, or plasmon excitations
[23,24]. This is also true for curved geometries
at the nanoscale, such as, e.g. multiple metallic
nanoshells [22] and MWNT [4]. Since the plasmon excitations play the dominant role in screening and energy losses of external charges, we
explore in the present contribution how the splitting of plasmon dispersions in a two-walled nanotube (2WNT) aﬀects the stopping power and the
self-energy of a fast point charge moving inside
or outside the nanotube, parallel to its axis. We
use the hydrodynamic model, in which the
2WNT is represented by two inﬁnitely long concentric cylinders, each containing a 2D charged
ﬂuid, so that the electrostatic interaction between
those ﬂuids gives rise to a splitting in the plasmon
spectrum.
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Atomic units (a.u.) are used throughout, unless
otherwise indicated.

2. Basic theory
The model is formulated for the general case of
a MWNT consisting of N concentric cylinders with
radii a1 < a2 <    < aN, each occupied by a 2D
electron ﬂuid with the equilibrium number density
per unit area of n0 = 0.428 corresponding to four
valence electrons per carbon atom. We use cylindrical coordinates x = {r, u, z} for an arbitrary
point in space, and deﬁne xj = {aj, u, z} to represent the coordinates of a point on the cylindrical
surface r = aj of the jth nanotube. Similarly,
o
eu ou
rj ¼ ^ez ozo þ a1
diﬀerentiates only tangentially
j ^
to the surface of the jth nanotube. Let the perturbed state of the electron ﬂuid on the jth nanotube be described by the electron number density
per unit area, n0 + nj(xj, t), and by the velocity
ﬁeld, uj(xj, t), which only has components tangential to the nanotube surface r = aj. Assuming that
the system is perturbed by a weak external potential Uext(x, t), we obtain, for each j, the linearized
continuity equation for the induced density nj,
onj ðxj ; tÞ
þ n0 rj  uj ðxj ; tÞ ¼ 0
ot

ð1Þ

and the linearized momentum-balance equation,
ouj ðxj ; tÞ
a
¼ rj Uðx; tÞjr¼aj  rj nj ðxj ; tÞ
ot
n0
i
b h
þ rj r2j nj ðxj ; tÞ  cuj ðxj ; tÞ:
n0

ð2Þ

The ﬁrst term on the right-hand-side of Eq. (2)
is the force on an electron due to the tangential
component of the total electric ﬁeld, evaluated at
the nanotube surface r = aj. In order to obtain
the total electric potential, U = Uext + Uind, we
solve the 3D Poisson equation in free space [21],
so that the induced potential due to the perturbations of the electron ﬂuid densities on all nanotube
surfaces can be simply written as
Uind ðx; tÞ ¼ 

XZ
l

d2 x0l

nl ðx0l ; tÞ
;
kx  x0l k

ð3Þ
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where x0l ¼ fal ; u0 ; z0 g while d2 x0l ¼ al du0 dz0 is the
diﬀerential surface element on the lth nanotube.
Note that writing the explicit solution of the Poisson equation provides a more direct approach to
solving Eqs. (1) and (2) than the usual method
based on undetermined coeﬃcients [4,6,21], because Eq. (3) guarantees that the boundary conditions at all surfaces r = aj are automatically
satisﬁed. The second term on the right-hand-side
of Eq. (2) is the force due to the internal interactions in the jth electron ﬂuid, with a = pn0 being
the square of the speed of propagation of the density disturbances in a 2D Fermi electron gas [6],
whereas the third term with b = 1/4 comes from
the quantum correction for the kinetic energy in
this gas and, as such, describes the onset of single-electron excitations in the ﬂuid [21]. The last
term in Eq. (2) represents the frictional force on
an electron due to the scattering on the positivecharge background, with c being the friction coefﬁcient, which we take here as a vanishingly small
parameter.
We deﬁne the Fourier–Bessel (FB) transform
e
Aðm;
k; xÞ of an arbitrary function A(u, z, t) by
Z 1
1
X
dk
Aðu; z; tÞ ¼
2
m¼1 1 ð2pÞ
Z 1
dx ikzþimuixt e
e

Aðm; k; xÞ
ð4Þ
1 2p
and apply it to Eqs. (1)–(3), while using the wellknown expansion of the Coulomb potential in
cylindrical coordinates,
Z 1
1
X
1
dk ikðzz0 Þþimðuu0 Þ
e
gðr; r0 ; m; kÞ;
¼
kx  x0 k m¼1 1 ð2pÞ2

ð5Þ
where g(r, r ;m, k)  4pIm(jkjr<)Km(jkjr>) with
r< = min(r, r 0 ) and r> = max(r, r 0 ) and Im and Km
being the cylindrical Bessel functions of integer
order m. As a result, we can express the FB transform of the induced potential as follows
X
~ ind ðr; m; k; xÞ ¼ 
U
gðr; aj ; m; kÞaj ~
nj ðm; k; xÞ;
0

j

ð6Þ
whereas the FB transforms of the individual induced densities, ~
nj ðm; k; xÞ, are obtained by solving the N coupled linear equations,

2

2

!

!2 3
m
 b k2 þ 2 5
aj
2

4xðx þ icÞ  a k 2 þ m
a2j
X
Gjl ðm; kÞ~nl ðm; k; xÞ
 ~nj ðm; k; xÞ 
l

2

¼ n0 k 2 þ

!

m ~
Uext ðaj ; m; k; xÞ;
a2j

ð7Þ

2

where Gjl ðm; kÞ  n0 al ðk 2 þ ma2 Þgðaj ; al ; m; kÞ. Note
j
that, upon setting a = 0, b = 0, c = 0, and Uext = 0
in Eq. (7), those equations become identical to the
eigen-frequency equation [4, Eq. (13)] for the resonant plasmon frequencies of a MWNT.
While Eq. (7) with j = 1, 2, . . . , N can be used to
study the interactions of a charged particle with a
MWNT made of N concentric cylinders, we limit
our attention to 2WNT with two cylinders,
N = 2. In this case, the resulting 2 · 2 matrix on
the left-hand-side of Eq. (7) gives the eigenvalue
equation for the resonant frequencies of the collective excitations in the coupled 2D ﬂuids, with the
following two branches of the dispersion relations
for each m,
sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
 2
2
2
2
x
þ
x
x1  x22
2
1
2
x ¼

ð8Þ
þ D2 ;
2
2
where
x2j ¼ pn0 ðk 2 þ m2 =a2j Þ þ 14 ðk 2 þ m2 =a2j Þ2 þ
2
n0 aj ðk þ m2 =a2j Þgðaj ; aj ; m; kÞ are the (squares of
the) resonant frequencies of the individual electron
ﬂuids on the cylinders j = 1 and 2 [21], whereas
D2 ¼ n20 a1 a2 ðk 2 þm2 =a21 Þðk 2 þ m2 =a22 Þg2 ða1 ; a2 ; m; kÞ
describes the electrostatic interaction between the
two ﬂuids.

3. Results
As an example, we choose a 2WNT with the
inner and outer cylinders having radii a1 =
6.80 = 3.6 Å and a2 = 13.23 = 7 Å, respectively,
with d = a2  a1 = 6.43 = 3.4 Å chosen to match
the typical inter-wall distance in MWNTs. In
Fig. 1 we show the two groups of the resonant
plasmon dispersions from Eq. (8), x+(m, k) and
x(m, k), versus the longitudinal wavevector k
and for several angular modes m = 0, 1, 2, 3 and
4. It is apparent in Fig. 1 that the splitting between
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Fig. 1. Plasmon eigen-frequencies (in eV) versus longitudinal
wavenumber k (in Å1) in a two-walled carbon nanotube with
radii a1 = 6.80 and a2 = 13.23 a.u. are shown for several angular
modes m, labeled by diﬀerent line-styles, as indicated in the
legend. For each m, the upper and lower curve, drawn with the
same line-style, correspond to the plasmon dispersion x+(m, k)
and x(m, k) from Eq. (8), respectively.

the two groups of plasmon frequencies in Eq. (8) is
rather substantial owing to the strong electrostatic
interaction between the two charged ﬂuids. While
the upper group of plasmon dispersions exhibits
a characteristic dimensional cross-over from a
2D to a one-dimensional electron system [2,4],
the lower group of the plasmon frequencies exhibits weaker dispersions with less spreading among
various m-modes. In particular, the m = 0 mode
in the lower-energy plasmon group exhibits a
quasi-linear dispersion in the limit of long wavelengths, which can be derived analytically in the
form x(0, k)  vpk, with the phase velocity
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
vp ¼ 4pn0 ½a1 a2 =ða1 þ a2 Þ lnða2 =a1 Þ  4.
This
quasi-acoustic plasmon mode seems to be a common occurrence when a splitting of plasmon frequencies happens due to the electrostatic
interaction, e.g. in the electron–hole plasma of a
carbon nanotube [3], or in the coupling between
two parallel nanotubes [9].
We further study the stopping power S for
a point charge Q = 1 (proton) moving parallel
to the axis of the 2WNT on a trajec~ ext ðr; m; k; xÞ ¼
tory x0(t) ={r0, u0, vt}, so that U
2pgðr; r0 ; m; kÞdðx  kvÞ expðimu0 Þ. The calcula-

tions in the remainder of this section are performed with p
theﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
friction coeﬃcient c = 103Xp,
where Xp ¼ 4pn0 =a1 . Using the deﬁnition
S = QoUind/ozjx=x0(t), we calculate the velocity
dependence of the stopping power for a particle
moving along the axis (r0 = 0) of the 2WNT, and
show the results in Fig. 2. For the sake of comparison, also shown in Fig. 2 are the stopping powers
for two cases of a particle moving along the axis of
one-cylinder nanotubes, having the radii a = 6.80
and 13.23. It should be noted that only the m = 0
plasmon modes can contribute to the energy losses
in the case r0 = 0. Clearly, there exists an overall
threshold of v  2 for the plasmon excitation.
While the one-cylinder cases show the characteristic, broadly peaked structures seen earlier [20,21],
the stopping in the two-cylinder nanotube shows
some novel structure around v  4 in the form of
a relatively narrow peak superimposed on the
low-velocity slope of a broad structure. This broad
structure takes intermediate values between the
two single-cylinder cases at the intermediate velocities, but clearly surpasses them both at higher
speeds, indicating a strong positive interference,
or the in-phase motion of the two ﬂuids on
2WNT. On the other hand, the narrow peak at
around v = 4 is likely a consequence of a largeamplitude, out-of-phase motion of those ﬂuids
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Fig. 2. Stopping power (in a.u.) versus the speed v (in a.u.) for a
proton moving along the axis of a nanotube with: two cylinders
of radii a1 = 6.80 and a2 = 13.23 a.u. (thick solid line), one
cylinder of radius a = 13.23 a.u. (thin solid line) and one
cylinder of radius a = 6.80 a.u. (dotted line).
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[3,9], which is triggered by the close matching of
the projectile speed and the phase velocity of the
quasi-linear, lower m = 0 plasmon mode in Fig.
1. This resonant increase of the energy deposition
into the collective excitation modes indicates the
onset of a possible drift instability of the charged
ﬂuids on a 2WNT [9].
Next, we study the situations where the projectile still moves parallel to the nanotube axis, but
at ﬁnite radial distances, namely, r0 = a1d/
2 = 3.59 = 1.9 Å (inside the inner cylinder),
r0 = (a1 + a2)/2 = 10.02 = 5.3 Å (midway between
the two cylindrical surfaces), and r0 = a2 + d/
2 = 16.45 = 8.7 Å (outside the outer cylinder), so
that it always stays at the ﬁxed distance d/
2 = 3.21 = 1.7 Å from the nearest wall(s) of the
2WNT. In such cases, all m-modes contribute to
the plasmon excitations. The results for stopping
powers in those three cases are shown in Fig. 3,
indicating that the narrowly-peaked structure at
v  4 has been partly merged into the broad structures in the cases of the particle traveling inside or
outside the nanotube, whereas the particle moving
in between the two cylindrical surfaces shows the
most massive energy losses with the narrow peak
completely disappeared, or immersed into the
broad structure.
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Fig. 4. Self-energy (image potential, in a.u.) versus the speed v
(in a.u.) and the radial distances r0 (in a.u.), for a proton
moving parallel to the axis of a nanotube with two cylinders of
radii a1 = 6.80 and a2 = 13.23 a.u.

Finally, we calculate the self-energy, or image
potential, experienced by a point charge Q = 1 at
the trajectory x0(t) = {r0, u0, vt}, which is deﬁned
by Eself ¼  12 QUind jx¼x0 ðtÞ . The dependence of the
self-energy on the projectile velocity v and the radial distance r0 from the axis of the 2WNT is
shown in Fig. 4, clearly exhibiting attractive wells
close to the surfaces of each of the two cylinders,
which become shallower with increasing projectile
speed. An intriguing ridge in the self-energy occurs
for all radial distances (except midway between the
two cylinders), at a speed of around v = 4, which is
clearly in correlation with the onset of a drift instability seen in the stopping powers in Figs. 2 and 3.

4. Concluding remarks
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Fig. 3. Stopping power (in a.u.) versus the speed v (in a.u.) for a
proton moving parallel to the axis of a nanotube with two
cylinders of radii a1 = 6.80 and a2 = 13.23 a.u. at the radial
distances: r0 = a1d/2 (thick solid line), r0 = a2 + d/2 (thin solid
line) and r0 = (a1 + a2)/2 (dotted line), where d = a2a1 = 6.43
a.u.

We have formulated a hydrodynamic model for
the dielectric response of a MWNT, represented by
the set of concentric cylindrical surfaces, each
occupied by a 2D electron ﬂuid. Calculations have
been completed for a two-cylinder nanotube,
showing that the strong electrostatic interaction
among the two ﬂuids on these cylinders gives rise
to splitting of the collective-excitation frequencies
into two sets for various angular modes m, with
the lower m = 0 mode exhibiting a quasi-acoustic,
linear dispersion versus the longitudinal wavenumber k. Calculations of the stopping power for a
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charged particle, which moves at speed v, parallel
to the nanotube axis at the radial distances inside,
outside, or in between the two cylinders, show the
typical broad peaks above the plasmon-excitation
threshold velocity of about v = 2, as well as a narrow peak at about v = 4, matching the phase velocity of the quasi-acoustic low-energy plasmon.
Calculations of the self-energy of a charged particle moving paraxially show the typical long-ranged
attractive wells for the radial distances close to the
cylinder walls, which diminish with increasing
speed v, with an intriguing jump in the self-energy
across the speed v  4 for all radial distances.
These ﬁndings indicate that richness in the plasmon dispersions of MWNT may exert a profound
inﬂuence on the dynamics of the charged-particle
interactions with MWNTs, especially when conditions are met for a drift instability of the electron
ﬂuids.
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